Introduction
Let G be a connected Lie group, F be a lattice in G and U = {ut},~R be a unipotent one-parameter subgroup of G, viz. Adu is a unipotent linear transformation for all u ~ U. Consider the flow induced by the action of U (on the left) on G/F. Such a flow is referred as a unipotent flow on the homogeneous space G/F. The study of orbits of unipotent flows has been the subject of several papers. For a nilpotent group G, a result of Green [13] implies that if U has one dense orbit in G/F then every orbit of U is uniformly distributed with respect to a G-invariant measure on G/F. In the case when G = SL(2, R), it was proved by Hedlund that every orbit of the unipotent (horocycle) flow is either dense or periodic; periodic orbits exist only when G/F is non-compact. For a co-compact lattice, this result was strengthened by F/irstenberg [1 lJ proving that every orbit is uniformly distributed with respect to a G-invariant measure. For non-uniform lattices in SL(2, R), using a classification of invariant measures obtained by Dani in [21, Dani and Smillie [31 proved that every non-periodic orbit is uniformly distributed. There are also various results obtained on orbit closures and invariant measures etc. of larger subgroups consisting of unipotent elements, especially the horospherical subgroups. Recently, there was a spurt in the area initiated by Margulis' proof (cf. [151, see also [7] ) of Oppenheim conjecture on values of quadratic forms at integral points using the study of unipotent flows. The reader is referred to the survey articles by Dani [41 and Margulis [14J for various related developments.
We now note some conjectures expected to hold for orbits of a unipotent flow, namely the U-action on G/F as above (though we restrict to U being a oneparameter subgroup, the first two conjectures are expected to hold for any subgroup generated by unipotent elements contained in it). A conjecture due to Raghunathan on orbit closures states the following:
Conjecture 1. For every x ~ G/F, there exists a closed subgroup F such that U-x= Fx.
For G = SL(2, R) the conjecture follows from the result of Hedlund mentioned above. It was recently verified for "generic" unipotent flows in the case of G= SL(3,R) [8] . Upto certain easy modifications, these are the only cases of semisimple groups where the conjecture is known to hold.
The following measure theoretic analogue of the above conjecture was recently proved by Ratner [19] .
Conjecture 2. For any finite ergodic U-invariant measure a on G/F, there exists a closed subgroup F containing U and x ~ G/F such that Fx is closed and t~ is a F-invariant measure supported on Fx.
In this paper we shall be concerned with the following conjecture which strengthens Conjectures 1 and 2.
Conjecture 3. For every x ~ G/F, there exists a closed subgroup F such that Fx is closed, Fx admits a F-invariant probability measure a and the U-orbit through x is uniformly distributed with respect to ~ ; that is,for all bounded continuous functions f on G/F, lira 1 i r-.oo -T f(u~x)dt = j fd~. G/F
It may be observed that if the U-orbit of x ~ G/F is uniformly distributed with respect to the F-invariant probability measure on Fx as above then Ux = Fx. Thus Conjecture 3 includes Conjecture 1. Also since for any ergodic invariant measure there are "generic points" [10] , Conjecture 3 is stronger than Conjecture 2.
Our object is to prove the following result on the asymptotic behaviour of the orbits of certain unipotent flows. Specifically, we choose G to be a reductive Lie group and let U be a regular unipotent one-parameter subgroup of G, in the sense that U is contained in a unique maximal unipotent subgroup of G (see Theorem 4.3 for other equivalent conditions) and prove the following. Together with Ratner's classification of finite ergodic U-invariant measures, the theorem enables us to describe geometrically the set of points whose U-orbits are uniformly distributed with respect to a G-invariant measure; in particular, we are able to conclude the validity of Conjecture 3 for regular unipotent oneparameter subgroups when either G/F is compact or the R-rank of [G, G] 
holds (for all x ~ X).
Like the earlier results on unipotent flows [14] , the above results on uniformly distributed orbits raise certain interesting possibilities of application to Diophantine approximation. In particular, given a nondegenerate indefinite quadratic form Q on R 3 which is not a multiple of a rational quadratic form and e > 0 one can get lower estimates, for all larger reR, for the number of solutions xETP, [Ixll <r for the inequality IQ(x)l<e. On account of the somewhat incomplete nature of the results currently obtained and some new ideas involved in the proof, we shall deal with the applications elsewhere.
The method of proof of the Main theorem is an adaptation of the ideas developed in [3] and the Appendix of [8] . In this method one relates thin neighbourhoods of subsets of Y as above to certain subsets of linear G-spaces and uses polynomial behaviour of orbits of one-parameter groups of unipotent linear transformations in vector spaces, to study properties of U-orbits on G/F.
The paper is organized as follows. In Sect. 2 we prove that if x e G/F and F is the smallest closed subgroup of G containing U such that Fx is dosed then Fx admits a finite F-invariant measure and the U-action on Fx is ergodic. This result, which would also be of general interest, is used in Sect. 3 to show that any F as above comes from a special class of subgroups. The conclusion is used in Sect. 5 to give a geometric description of the set Y defined as in the Main theorem. Using this description we complete the proof of the Main theorem in Sect. 6. The Sect. 4 is an independent section devoted to a discussion on regular unipotent elements.
Finite volume, ergodieity and Zariski density
Let G be a connected Lie group, F be a lattice in G and L be a subgroup such that the unipotent one-parameter subgroups of G contained in L generate L. Let X = G/F. In this section we note some properties related to closed orbits of the form Fx, where x ~ X and F is a closed subgroup containing L such that Lx = Fx. Let H' be the closure of the group generated by all unipotent one-parameter subgroups of G contained in H. Then L C H' and H' is normal in F. Therefore, by the hypothesis on H, H'= H.
Let tr be a locally finite F-semi-invariant measure on F/Fx with a character AF, where Ar is a modular function of F. If f is the Lie subalgebra corresponding to F then AF(f)= ]det(Adfl,)l for all fe F.
Since H is the closure of a subgroup generated by unipotent one-parameter subgroups, AF(H)=I. Therefore, tr is H-invariant. By Lemma 2.10, H acts ergodically on (F/F:`, a). Since Fx is closed, the natural inclusion F/F:, ~ X is proper. Therefore, we may treat a as a locally finite ergodic invariant measure of H on X. By Lemmas 2.8 and 2.9, H has property (D). Hence tr is finite. But a finite F-semi-invariant measure tr must be F-invariant. Now by the Mautner property of the triple (F, H, L), L also acts ergodically on (Fx, a Putting f= identity we get/~ = ft. Hence ~(F)ff = ft Proof. Let Pa be the space of real polynomials of degree _~ d defined on M(n, R), the space of n x n matrices with real entries. Consider the representation 0 of GL(n,R) on Pd defined as follows: for g~G, P~Pd and xeM(n,R), [0(g)p](x) =p(g-ix). Clearly, 0(g)P ~ Pd. Since o:GL(n, R)~GL(Pd) is an algebraic morphism, 0 preserves algebraic unipotent subgroups. Thus 0 restricted to F satisfies the conditions of Corollary 2.12. Define Id= {pePdlp (6) . Since the R-rank of G is 1 and the commutator subgroup of F ~ is noncompact, this also implies that the center of F ~ is compact. Since F is Zariski dense in F, the radical of F is contained in the radical of F ~ Hence F is a reductive group with compact center.
Suppose the unipotent radical of F ~ is nontrivial. Let N be a maximal unipotent subgroup of G containing Ru(F ~. Then F C P = N~(N), the normalizer of N in G (cf. [18, Sect. 12.6] ). Since N contains all unipotent elements in P, L (N. If F = E then we are through. Otherwise, since L-~ = Fx, there exist sequences {It} C L and {f~} CF such that lt~ oo, fi--+e and lix=fix for all ieN. Now for all large i, Yi =fi-ll~eF~\{e}. Since P is a minimal parabolic subgroup of G, P admits a decomposition P = Z~(A) 9 N, where A is a Cartan subgroup of G and Z~(A) is the centralizer of A in G. There exists Y in the Lie algebra of A such that if q = exp(-Y) then for all l ~ N, qnlq-~ e as n-~ ~. Therefore there exists an increasing sequence {ni}i~l~ such that q~'~iq-n'-~e as i--+ oo. For each jeN, put ~)=e ifj<n 1, and put ~) = yn. if ni-< j < ni + 1. Then q~'~q-~ e as n--* ~. Therefore by Lemmas 3.5 and 3.6 in [12] , N~G~*O. Now by Lcmmas 3.16 and 3.17 in [12] , N/NnG~ is compact, equivalently Nx is compact. This shows that L-~( Nx. By Levi decomposition F = S. R, where S is a semisimple group and R is the radical of F. Let S and R be the smallest algebraic R-groups containing S and R, respectively. Now S normalizes R and R is a solvable group. Therefore F = S. R. Since the radical of F is unipotent, S is a semisimple group and R is a unipotent group. Therefore R=R ~ (cf. [,18, Sect. P.2.2]). Now S is a connected normal Zariski dense subgroup of the sernisimple group S ~ Hence S=S ~ Thus
For a semisimple Lie group G and a parabolic subgroup P, define P = {g e P I det(Adgl,,)= 1}, where w is the Lie subalgebra corresponding to the unipotent radical of P. Proof. Let P be the maximal algebraic q-subgroup of G such that U E Ru(P) and NG(U) C P. Let W = Ru(P). Then W is a q-group, Pt =NG(W) is a (1)-group, PEPx and W E Ru(P1). By the maximality P1 = P. Therefore P is a parabolic subgroup of G (cf. [18, Sect. 12.8] Since G and W are defined over ~, g and w admit compatible rational structures. Now A'g, Arw and 0 are defined over ~. Fix a rational basis of Arg. For a nonzero rational vector p ~ A~w, let ~: G ~ A'g be the map defined by ~(g) = o(g)P for all g ~ G. Then ~ is defined over ~. Therefore ~(F) consists of rational points with bounded denominators in each co-ordinate. Hence ~(F) is discrete and F~ = c~-t(ct (F) The next lemma is useful when we want to factor agroup a group by a compact normal subgroup. 
Suppose LF = FF for a connected Lie group F E G. Then the radical of F is a unipotent subgroup of G. Moreover, if the radical of F is nontrivial then there exists a proper parabolic subgroup P of G such that (a) F C op, (b) ~ is closed in G/ F, and (c)
W/Wc~F is compact, where W= Ru(P).
N.A. Shah
Proof. By the arithmeticity theorem of Margulis (cf. [21, Theorem 6.1.2]), F is an arithmetic lattice in G. That is, there exists a semisimple algebraic Q-group H and a surjective homomorphism Q:H~G such that ker(Q) is compact and Q(A) is commensurable with F, where H = H ~ and A = HnSL(n, Z). By Lemma 3.5, there no loss of generality in assuming that Q(A) = F.
There is a normal semisimple subgroup H 1 C H such that ~(H1) = G and ker(Q) nH~ is discrete. Note that Ht contains all unipotent one-parameter subgroups of H and ker(Q) commutes with H~. There exists a subgroup ECHI such that E is generated by algebraic unipotent one-parameter subgroups contained in it and Q(E)=L. If ~:H/A~G/F is the natural quotient map then ~ is__p_roper. By Lemma 3.8, there exists a subgroup F'( H such that Q(F')= F and IgA = F'A.
By Proposition 3.2, the radical of F' is U'= U~ for a unipotent Q-subgroup U'cH. Since Q is surjective and ker(Q) is compact, the radical of F is also a unipotent subgroup of G.
If U' is not trivial then by Lemm 3.4 there exists a proper parabolic subgroup P' of H such that a) UCNn(U')CP', b) ~ is closed in H/A, and c) W'/W'nA is compact, where W'= Ru(P'). Since E is generated by unipotent one-parameter subgroups, E C up, and hence F'C 0p,. If P = Q(P') then P is a proper parabolic subgroup of G with the required properties. [] (3.10) Proposition.
Let G be a connected semisimple Lie group without compact factors and with trivial center. Let F be a lattice in G and L be a subgr~ generated by unipotent one-parameter subgroups contained in L. If x ~ G/F and Lx = Fx for a connected Lie subgroup F C G then one of the following possibilities holds. 1. F is a reductive group with compact center. 2. There is a proper parabolic subgroup P of G such that (a) F C up, (b) ~ is closed and (c) Ru(P)x is compact.
Proof. Let Gx=A. For G there exists a direct product decomposition G= G1...G, such that A~=GknA is an irreducible lattice in Gk for l<k<n and 
(4.2) Lemma. Let Q : G--*G' be a homomorphism of connected reductive Lie groups.
Let u e G be a unipotent element.
If Q is surjective and u is regular in G then Q(u) is regular unipotent in G'. 2. IfkerQCZ(G) and Q(u) is regular unipotent in G' the u is regular in G.
Proof. 1) follows immediately from the definition. Suppose kerQ C Z(G). Since G is connected and reductive, G = Z(G)S, where S is a connected semisimple group. Now any maximal unipotent subgroup of G is of the form Z(G)N, where N is a maximal unipotent subgroup of S. Since S is semisimple and connected, Q(N) is a unipotent subgroup of G' (of. [ 
Here R + is the set of positive roots associated to the parabolic pair (Po, A) and X~ is an element of the a-root space of A.
Proof. We refer to 1-18, Chap. 12] for the results used in this proof. First note the following. G = G ~ for an algebraic P,-group G. If P is a parabolic subgroup of G then P= Pc~G. Let W= Ru(P ). There exists a semisimple F,-subgroup S CP such that if S=S~ then any unipotent element of P is contained in S. W (cf. 1-18, Prelim. 2.5]). Therefore any maximal unipotent subgroup of P is of the form V. W, where V is a maximal unipotent subgroup of S. Since S is a semisimple group, any two maximal unipotent subgroups of S are conjugates. Therefore, any two maximal unipotent subgroups of P are conjugate by an element of P. Moreover, any maximal unipotent subgroup of G is conjugate to a subgroup of P. Now assume (a). Let N' be a maximal unipotent subgroup of G containing u. Suppose there exist gl, g2 e G such that glug~ 1, g2ug 21 e P. By regularity of giug 71 1 and the observations made above, g~N g~-C P for i = 1, 2. Now there exists p e P Thus by countability of @ we can choose a countable subset #t* of gt with the property that for every (F', x') ~, there exits g e G such that (g-iF'g, g-ix') ~ #t*.
Take (~ Then R,(P)x is compact. Take g~G such that x=gF.
Then by Theorem 2.1 in [18] , gR,(P)g-IE~. Since P is a parabolic subgroup, P = NG(R,(P)). Now argue as in the above case. [] 
Put Y-t =0 and for all neNu{0} define
The next corollary is a direct consequence of the above discussion. 
Proof of the main theorem
We follow the notations of Sect. 5. To prove the main theorem (for G as above) it is enough to prove the following. For n = -1, that is when Y, = 0, the theorem is essentially proved in [5, 6] and the above form is deduced in Proposition 1.8 of [8] . For n =0 it is proved in the Appendix of [8] . In this paper we exploit the techniques of [8] to study the case of n e 1'4. We shall assume the theorem for n = -1 and give a proof by induction on n ~ Nu{O}.
with a linear G action and a point p e E such that (a) F is the isotopy subgroup of p, (b) if (F, x)~ 91 then Gp is closed, and (c) if (F, x) = (oe, x) ~ H then ap = det(Adalw)p for all a ~ P, where w is the Lie subalgebra corresponding to Ru(P).
Proof First note that G = G ~ for an algebraic R-group G. Suppose (F, x) 
H=r
The following lemma will enable us to apply induction in the proof of Theorem 6.1. Proof. First note that ~p is well defined and injective. Also lp is G-equivariant with respect to the obvious G-actions. Suppose (F,x)e~. In this case Gp is closed. Therefore the map ~: G/F~E defined by ~(gF)=gp for all geG is proper. Hence ~p is proper.
Suppose (F, x)= (Op, x) 9 9 ~. By Iwasawa decomposition there is a maximal compact subgroup K o of G such that G=KoP. Let Ap={ (ax, a~ [aeP}. Then d=Kod e. Let Ipr:dp"~XxE be the restriction of v2 to Ap. Since Kois compact and ~ is G-equivariant, it is enough to show that vA is proper. Since Pp =Ppu{0}, the properness of ~p, follows immediately from 3) of Lemma 6. Proof. Let n: G/Fx~X x G/F be the map defined by n(gFx) = (gx, gF) for all g 9 G. Then <o =~p o n. In view of Lemma 6.8, it is enough to prove that n is proper.
Let {g~} (G be a sequence such that {gix} and {giF} are convergent. Then there are sequences {fit} C G~ and {fi} C F such that {gifi} and {g~fi} converge in G. Therefore {f~-16i} = {(g~f~)-l(g~fii)} converges in G. Hence fi-tx converges in X. Since Fx is closed, the map i:F/F~X given by i(fFx)=fx for all feF, is a homeomorphism on to its image. Therefore {f~-tFx} converges in F/F~ and hence {g~F~} = {(g~fi)fi-1F~} converges in GIFt. This shows that n is proper. [] Since the map ~p as in Lemma 6.10 is proper, the sequences {g~Fx} and {g~F~} have convergent subsequences in G/Fx. Passing to subsequences and replacing g~ and g' by appropriate elements of g~F~, and g~Fx we may assume that g~--*g and g'~g' for some g, g' ~ G. Now g~-tg~ e G~ for all i ~ N. Since g~-~g~--*g-~g and G~ is discrete, there exists 6 9 Gx such that g'~=g~ for all large i. Step 2. We can choose a subcollection ~oCr~ satisfying the following conditions. Let U be a regular unipotent one parameter subgroup of G. Then U' = 0(U) is a regular unipotent one parameter subgroup of G'. Let Y = {y e X I Fy is closed for a connected Lie subgroup F of G such that dim F < dim G and U E F}. Let Y' E X' be similarly defined with respect to U'E G'. 
{t~[O,T][uty~(x)c~K}C U J(I).

(1/T)#{t~[O,T]lu,yeK}>l--e.
[] F/F x ~-Fx, the corollary will follow by induction. Now in the notation of the main theorem, we may assume that x e X\ Y. Let X" = X_u { ~ } be the one point compactification of X. For T > 0 let vr be the measure on X such that for all continuous functions f on )~,
~ fdvr= l i f(utx)dt.
Note that the space of Borel probability measures on a compact second countable space is compact with respect to the weak* topology. Now to prove uniform distribution of the {ut}-orbit through x, it is enough to prove that whenever for a sequence Ti~ ~ the sequence of measures vr, converges (in the weak* topology), the limit measure v is supported on X and is G-invariant.
First we claim that v(Yu{oo})=0. Let e>0 be given. By the main theorem, there exists a compact set KCX\Y such that for all T>0,
